Sci.Int.(Lahore),27(1),259-263,2015

ISSN 1013-5316; CODEN: SINTE 8 259

NUMERICAL SOLUTION FOR NONLINEAR MIXED PARTIAL

DIFFERENTIAL EQUATIONS

Nisa.W.", N.A.Shahid", A. Ali*, M.F.Tabassum®", A. Sana'
lDepartment of Mathematics, Lahore Garrison University, Lahore, Pakistan.
2Ibnu Sina Institute for Fundamental Science Studies, University Technology Malaysia, UTM Skudai, Johor, Malaysia.
®Faculty of Engineering, University of South Asia, Lahore, Pakistan.
“Corresponding Author: Muhammad Farhan Tabassum, farhanuetl2@gmail.com, +92-321-4280420
ABSTRACT: In this paper, numerical methods have been used to solve non-linear Partial Differential Equations
(PDE’s).Solution of non-linear PDE’s involving mixed partial differential have been discussed using Laplace Decomposition
Method(LDM), Adomian Decomposition Method (ADM) and Homotopy Perturbation Method (HPM) respectively. Some
examples of non-linear PDE’s involving mixed Partial derivatives is solved using above mentioned methods to explain the
methods and to check the similarity of the results. Graphical representations of the results are also given.
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1. INTRODUCTION

Nonlinear ordinary or partial differential equations involving
mixed partial derivatives arise in various fields of science,
physics and engineering. The Method of separation of
variables [1] and Variational iteration method [2-4] has been
extensively worked out for many years by numerous authors.
Starting from the pioneer ideas of the Inokuti -Se kine- Mura
method [5], JI-Huan He [4] developed the Variational
iteration method (VIM) in 1999.For example, T.A.Abassy. et
al [6,7] also proposed further treatments of these modification
results by using Pade approximants and the Laplace
transform.

An advantage of the decomposition method is that it can
provide analytical approximation to a rather wide class of
nonlinear equations without linearization, perturbation,
closure approximations or discretization methods which can
result in massive numerical computation. Recently a great
deal of interest has been focused on the application of
Adomian’s decomposition method [19] to solve a wide
variety of stochastic and deterministic problems [8].Although
the Adomian’s goal is to find a method to unify linear and
nonlinear, ordinary or partial differential equations for
solving initial and boundary value problems.

In the recent decade, several scholars in the fields of partial
differential equations have paid attention in showing the
existence and the solutions of the class of partial differential
equations involving mixed and non mixed derivatives.
Several methods were proposed, for instance, the Laplace
transform method [9-11], the Mellin transform method [12],
the Fourier transform method [13,14], and the Sumudo
transform method [15-17] and the Green function method
[18] for linear cases. Perturbation method, variational
iteration method [20-22], homotopy decomposition and
perturbation method [23-26], and others were developed for
both linear and nonlinear cases.

2. MATERIAL AND METHODS

Many problems in natural and engineering sciences are
modelled by Partial differential equations (PDE’s). After
studying the Laplace decomposition method that was applied
to solve some examples which were nonlinear partial
differential equations involving Partial Derivatives. Now the
basic motivation of the present paper is the implementation of
two methods on the same examples, which are Adomian
decomposition method and Homotopy perturbation method.

In these methods we obtain the same exact or approximate
solutions. Results of all three methods are shown by
graphically and analytically.
2.1 Laplace Decomposition Method
We suppose the general form of non-homogeneous partial
differential equation with initial conditions as given below:
Lu(x,y) + Ru(x,y) = h(x, y) 1)
u(x,0) = f(x)
u, (0,y) = g(»)

where L = Ru(x,y) is the rest of linear terms in

a
axay’
which there is only first order partial derivatives of u(x,y)
with respect to either x or y and h(x,y) is the basis term. We

can write the equation (1) in the following form:

0 (ou

7 (5) + Rutxy) = h(x,y) ()
Putting 3_5 = U in equation (2), we get

=+ Ru(x,y) = h(x,) ©)

Applying Laplace transform on equation (3) respecting x, we
get

U(s,y) = 2900 + = Le[h(x,y) — Ru(x,y)] @)
Applying inverse Laplace transform of equation (4)
respecting x, we get

Ux,y) = g() + L' [Le[R(x,¥) = Ru(x,y)]] (5)
Again putting the value of U(x, y) in equation (5), we get

Ju(x, -
2D = g) + L [Le k() = RG] (6)
This is the first order partial differential equation in the

variables x and y. Captivating the Laplace transform of
equation (6) respecting y, we get

u(e,s) =1f () +1L, [g(y) 13 [P Ll ) - RuC, y)]]] (7

Captivating the inverse Laplace transform of equation (7)
respecting y, we get

This equation gives us the exact solution of initial value
problem.

2.2 Adomian Decomposition Method

Let L, and L, representing x and y respectively. To be

2

specific here, we prefer L, = % and L, = %.
a3u
otdx?

u(x,s) = f(x) + Ly I% L, [g(y) + L E Ly[h(x,y) — Ru(x, y)]]

Suppose we have also expression L;L,u = and consider
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Fu=Lu+Lu+LLou=g(xt) (8)

with initial conditions specified. The inverse operators L;!

and L;! are defined integrations from 0 to t and O to X,

correspondingly, for the initial value problem.

Hence LiL,u = u(x,t) —u(x,0)and

L L,u = u(x, t) —u(0,t) — xu,(0,t).

Solving above equation for the two linear terms thus
Liu=g—Lyu—LLyu,
Lyu=g—-Lu—LL,u.

Operate on the first equation with L;* and on the other hand

with L31. We get

u=u(x,0)+ L;'g — L;*Lyu — Lyu — (L) |¢=o,

u=u(0,t) + xu,(0,t) + Ly*g — Ly*L,u — L,u
+ (Ltu)lx:O-

Adding and dividing by 2,

u(x,t) = > {ulx, 0) +u(0,£) + xu, (0,£) — 1, (x,0) +

ur(0,6) + [Le* + Ly'lg —
[Lg 'Ly + Ly*LeJu(x, t) — [Ly + LeJu(x, ).

We identifying the expressions relating initial conditions and

the in-homogenous term g as u, in the decomposition

U= Yp_oUp.Thus

Uy = %{u(x, 0) + u(0,t) + xu,(0,t) — u,(x,0) +

ur(0,0) + [L7" + L']g3.

where  wpyq = = {17 Ly + Lz L, — Ly — LeJuy,

Forn>0

2.3 Homotopy Perturbation Method

We devote this section to the discussion undertaking the

general method to derive the special solution of

nOym 0, [Ux,y, ., O] + LU (x,y, ..., )] +
N[U(x,y,..,t)] = f(x,y,.., 1), (10)

We will assume that H (x,, . . ., t) is the solution of the linear

part of ; we can record an illustration to appropriate the value

of the selected singular point, for example, at X(x,y,......t)and
then the corrected solution can be written as follows:

U(a, B, ...,7) = H(a,B, ..., T) + foa ...fOT/l(x,y, o t) X
(7m0 .. 04U, y, e, O] + LU x, 8, . 0)] +

N[U(x, Y, .., 0] — f(x,y, ...,t)) dx ...dt. (11)
We will point out that U(x, y, . . . ,t) is the Lagrange
multiplier [3] and the second expression on the right is called
the modification. The method has been modified into an
iteration method [4-8] in the subsequent approach:
Upi1(a, B, ..., 7) = H(a, B, ..., T) + fo‘x forl(x, Y, o, t) X

(6;1n6;”m, ...,O;i[Un(x, Y, e )]+ LU, y, ..., t)] +

N[U(x,y,..,t)] — f(x,y, ..., t)) dx ...dt. (12)
Besides H(a,p, . . ., ) as preliminary guesstimate with likely
nonentities and U(x,y, . . ., t) is pondered as a circumscribed
adaptation meaning §U(x,y, . . ., t) = 0. Indeed for random
(a, B,...,), the above equation can be reformulated as
follows:

Uns1 (XY, o, T) = HX,Y, o, T) + [ [ A0 Y, ) X
( @, oee, 0,1 [Un (6, Y, o, O] + LIUCE, Y, oo, D] +
N[O(x,y,...,t)] — f(x,, ...,t)) dx ..dt. (13)

©)
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3.  NUMERICAL RESULTS
Here we discuss solutions of PDE’s with mixed partial
derivatives using LDM, ADM and HPM respectively.

Example 1
Suppose the partial differential equation
9%u
— oY
away — € COSX (14)

by means of initial condition u(x,0) = 0,u,(0,y) =0

3.1 Solution using LDM

In the given initial 0%u
giv initi prerel

h(x,y) = e™¥ cos x and general linear term Ru(x,y) is zero.
Writing the equation (14) in the following form

Putting g—; = U inequation, we get Z—Z =eYcosx (15)

value problem Lu(x,y) =

It is the non-homogenous partial differential equation of first
order. Taking Laplace transform on both sides of equation

(15) respecting X,
1

U(s,y) =e™. " (16)
taking inverse Laplace transform on equation (16) respecting
X, we get

U(x,y) = e Y.cosx.
Now we have to solve
au(x,y) _
—===eYcosx a7

ay
It is the partial differential equation of first order in the
variables x & y. Taking Laplace transform on equation (17)
respecting y, we get
Su(x,s) — 0 =sinx.

s(1+s) (18)
Taking inverse Laplace transform on equation (18) respecting
Yy, we get

u(x,y) =sinx.(1—e™)
3.2 Solution using ADM

Define L) = %
Apply above condition the equation becomes,
Ly (Z—;) =eYcosx (19)

Now applying Laplace operator,
uy(x,y) = Ly'e™ cosx
Again define L,(.) = % using the condition
Applying Laplace operator,
u(x,y) = Ly'L7'e™ cosx
The recursive relation is as follows:
U1 (x,y) = L3 L7Ye ™ cosx
u(x,y) = (1 —e?)sinx
3.3 Solution Using HPM
Applying the convex Homotopy method on the equation (14),

we obtain
2 2 2

ey P () 97 (555) + = e cosx

Uy + pUy + p2uUy + - = foy foxe‘y cosx dt

And comparing the coefficients of like powers of p of above
ulx,y) =1 —e)sinx

Table 1: Summary of results obtained in Example 1

X Y u=(1-e7)sinx
0 0 0

0.1 0.1 0.009500

0.2 0.2 0.036012
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0.3 0.3 0.076593
0.4 0.4 0.128383
0.5 0.5 0.188639
0.6 0.6 0.254560
0.7 0.7 0.324308
0.8 0.8 0.395027
0.9 0.9 0.464850
1 1 0.531911
exact solutions
07
06F .
0sr .
0.4r g
03F .
02r J
01F A

D 1 1 1 1
0 o1 02 03 04 05 06 07 08 09 1

K-axis
Figure: 1 Graph of Example 1

Example 2
Suppose the partial differential equation

2u . .

ayox — Sinxsiny (20)
by the initial conditions
u(x,0) =1+cosx, u,(0,y) = —2siny
3.4 Solution using LDM
Suppose that u,(x,y) and wu,(x,y) both are

differentiable in the domain of definition of function u(, y)

s . . 9%u _ 9%u
[Young’s Theorem]. It implies that yon  oady
condition force to write the equation in following form and

putting Z—;‘ =U

. Given initial

ou . )
a =Ssinxsiny
Taking Laplace transform on equation respecting x, we get

Ulx,y) =— m% + siny E - 1:52] (21)
Applying inverse Laplace transform of equation (21) with
respect to x, we get

au;i,y) = —2siny +siny (1 — cos x) (22)

Applying Laplace transform and then applying inverse

Laplace transform of equation (22) respecting v,
u(x,y) = (1 + cosx) cosy

3.5 Solution using ADM
d (0u . .
P (5) =sinxsiny

Define L) = aa_x

Apply above condition, the equation becomes,
Liju, = sinxsiny

Apply inverse Laplace operator,

u, = —2siny —cosxsiny +siny
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Again define L,(.) = %

Apply above condition, the equation (20) becomes,
Lyu(x,y) = —2siny — cosxsiny + siny
Apply Laplace operator,
u(x,y) = cosxcosy + cosy
3.6 Solution using HPM
Applying the convex Homotopy method on the equation (20),
we obtain

92u, +p (62u1) + p? (ﬂ) + .- =sinxsiny

dyodx dyodx dyodx
Ug + pu; +p?u, +-=1+cosx +2cosy—2+
fox foy(sin x siny)dt

And comparing the coefficients of like powers of p of above
equation we get
p@:uy(x,y) = cosy (1 + cosx)
p™iuy (x,y) =0
pPPiuy(x,y) =0, oo
u(x,y) = (1 +cosx)cosy
Table 2: Summary of results obtained in example 2

X Y u=(1+cosx)cosy
0 0 2
0.1 0.1 1.985037
0.2 0.2 1.940595
0.3 0.3 1.868003
0.4 0.4 1.769412
0.5 0.5 1.647732
0.6 0.6 1.506513
0.7 0.7 1.349825
0.8 0.8 1.182105
0.9 0.9 1.008007
1 1 0.832228

exact solutions
T T T

2 N\
18f \

- S S ———
1] 0.1 02 03 04 05 06 07 08 08 1
X-axis
Figure: 2 Graph of example: 2
EXAMPLE 3
Suppose the subsequent partial differential equation with
Ru(x,y) #0
8%u | du P
axay+£+u = 6x“y
with initial conditions
u(x,0) =1,u(0,y) =y,u,(0,y) =0
3.7 Solution using LDM

2
In the above example Ru(x,y) = aiTa?"’ u(x,y). Here we

(23)

put Z_‘y‘ = U(x, y)in equation (22), we get
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E + + u = 6x%y (24)
Applylng Laplace transform of equation (24) respecting x, we
get

UCs,y) = —uls, )+ = Leule, )] + 5 (25)
Applying inverse Laplace transform of equation (25)
respecting X, we get

du(x, —
TED = —u(ey) +y - L [ LeluCe )} + 263y (26)
Taking Laplace transform of equation (26) with respect to y,

we get

u,s) ==L, [uCey) + L (S L u )| + 5 +
ZJC?’.Sl2 27)
Applying inverse Laplace transform of equation (27)

respecting y, we get
1 (1 y?
u(ey) = 1- 15 <1y [uten) + 2 fo L conl] | + 5

x3y2
Here recursive relation is given by,

a5 = 1= 152 1 [ ) + 15 o)

2

y
+§+xy
u(x,y) =1 .
y
w (x,y) = =y —xy + 5+ x%y?
3 34,3 25,2 3 4,,3
Up(x,y) = Y2 +ay? = =T+ T =T = T 4ty

3.8 Solution using ADM
:—x(g—:) +aa—x(u) +u = 6x%y
Define Li() =—
Apply above condition, equation (23) becomes,
Ll( )+L1u+u—6x y
Apply Laplace operator we get,
Ly'() = [ (Ddx
u, (x,y) + ulx,y) —y + Li'u = Li'6x%y
Define L,() = a"—y
Apply above condition, the equation (28) becomes
Lyu(x,y) +u(x,y) —y + Li'u = L' (6x7y)
Apply Laplace operator,

y

I3'0) = fo ()dy

2
ulx,y) =1—-L'u+ y; — Ly L7 u + x3y?
The recursive relation is given by,

(28)

U1 (6) = 1= L3Muy + 2 = L31L7Muy + 27y
U, =1

Let fi= yz_z + x3y?

— L' Litue + i

u(x,y) = yz—z +x%y? —y —xy

2

u, = _Lgluo

y —1y-
u,(x,y) = —+xy = L3'uy — L3 L3y
3
) =yt iyt L

3.9 Solution using HPM

Jan-Feb
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Apply the convex Homotopy method on the equation ,

8%u, %u, 2@ . (9%uo ouq 2 duy
0x0y paxay+p 0x0y+ - P( +P +p Bx+
) —p(up + puy +pPu, + ) + 6x%y

Ug + puy + pPu, + - = 1—Pf0yfo (6uo +p60u1 "

a
284 ) dxdy — p f2 fi (uo + puy + puy + - )dedt +
X
I3 Jy 6x*y)dxdy

And comparing the coefficients of like powers of p of the
equation
p©@:iuy =1

2
PW:uy(x,y) = -y +y——xy +x%y?
xy _xyd Xy xR 30
6 + 4 12 +xy

p@:u,(x,y) = y? ——+xy

4. CONCLUSION

In this paper, Laplace decomposition method is applied to
solve non-linear partial differential equations involving
mixed Partial Derivatives using the initial values. Two
examples are solved to explain the method. These examples
are also solved by Adomian decomposition method and
Homotopy perturbation method. In all these methods we
obtain the same exact or approximate solutions. The results of
these examples tell us that all these methods can be used
alternatively for the solution of Higher-order initial value
applications.
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